In this work we investigate the quantum theory of light propagating in D−dimensional de Sitter spacetimes. To do so, we use the method of dynamic invariants to obtain the solution of the time-dependent Schrödinger equation. The quantum behavior of the electromagnetic field in this background is analyzed. As the electromagnetism loses its conformality in D = 4, we point that there will be particle production and comoving objects will feel a Bunch-Davies thermal bath. This may become important in extra dimension physics and raises the intriguing possibility that precise measurements of the Cosmic Microwave Background could verify the existence of extra dimensions. 
Introduction
The study of fields in a curved background has been considered along the last decades [1] . The quantization of gravity can be carried out by using the String Theory [2, 3, 4] . However, in cosmological scales, gravity can be considered as a classical theory and the fields as propagating waves in the background. Timedependent backgrounds are used to describe many physical systems yielding interesting results. For instance, in the study of black hole evaporation [5] and the Unruh and Casimir effects [6, 7] . They are also very useful to describe the dynamical evolution of the universe, where the production of particles in cosmological spacetimes has been investigated [8, 9, 10] .
The core idea of extra dimensional models is to consider the four-dimensional universe as a hyper-surface embedded in a multidimensional manifold. The appeal of such models is the determination of scenarios where membranes have the best chances to mimic the standard model's characteristics. In particular, the standard model presents interesting topics to be studied such as the hierarchy problem, and the cosmological constant problem. For instance, the RandallSundrum model [11, 12] provides a possible solution to the hierarchy problem and show how gravity is trapped to a membrane. An interesting point about this framework is that the electromagnetism loses its conformal symmetry. Therefore, as will becomes clear later, there can possibly be a particle production for comoving objects.
The quantum effects of a massive scalar field in the de Sitter spacetime from a Schrödinger-picture point of view has been instigated in Ref. [13] . The authors used an exact linear invariant and the Lewis and Riesenfeld method [14] to obtain the corresponding Schrödinger states in terms of solutions of a second order ordinary differential equation. By constructing Gaussian wave packet states, they calculated the quantum dispersions, quantum correlations, and the uncertainty product for each mode of the quantized scalar field. Scalar fields have also been investigated in Ref. [15] , where the authors construct the coherent states and establish the existence of squeezed states. The generalization to the case with arbitrary dimension was given in [16] .
In the context of the invariant method Pedrosa et al. [17] investigated the light propagation through time-dependent dielectric linear media in the absence of free charges and in a curved spacetime from a classical and a quantum point of view. They found that the light propagation presents a remarkable similarity in both cases. From the classical study, they showed that the amplitude q of the potential vector ( A ) is written in terms of the first-and second-order Bessel function for a propagation through a dielectric media with ε(t) = ε 0 e αt (α > 0). From the quantum perspective, they quantized the electromagnetic waves propagating in a material medium with ε(t) = ε 0 e αt , and q is written in terms of harmonic functions of exponentially decaying argument for a propagation in the de Sitter spacetime with the metric a(t) = e Ht , where H is the Hubble constant. They wrote the solutions of the Schrödinger equation in terms of ρ, which is solution of the Milne-Pinney equation [18, 19] . As a result they claimed that for a problem with curved spacetime the electromagnetic field quantization can also be carried out following the same steps used for the time-varying dielectric case. Moreover, as in the classical case, the quantum behavior of the electromagnetic field is purely oscillatory in the conformal time in the de Sitter spacetime.
The study of de Sitter spacetime becomes important if one considers a ΛCDM model for the cosmos. In the present era, the universe can approximately be described by a de Sitter spacetime, where the matter decays with the volume and the cosmological constant is kept constant. For t ≫ H −1 , the universe tends to be fully described by the de Sitter model. Here, we revisit the problem of quantizing the electromagnetic field in the de Sitter space as previously considered in Ref. [17] . We present an exact solution of the Schrödinger equation for arbitrary dimension D.
The paper is organized as follows. In Sec. II the correspondence between an electromagnetic field placed in a de Sitter background and a time-dependent harmonic oscillator is obtained. In Sec. III, we use the Lewis and Riesenfeld [14] method to obtain the solutions of the related Schrödinger equation in arbitrary D. Section IV summarizes the results.
Decomposition of the Vector Field
Consider the electromagnetic field in a D−dimensional Friedmann-RobertsonWalker (FRW) spacetime. The action for the Gauge field is given by
where the metric ds
Using the Gauge conditions
we obtain
where the dot denotes the time derivative. Now we decompose the field as
whereǫ represents a unit vector satisfying k·ǫ (λ) = 0 due to the Gauge condition k into real and imaginary parts
the action reads
where i = 1, 2 labels the real and imaginary parts of u
k . From Eq. (7) we obtain the Hamiltonian for the electromagnetic field
where
with p being the conjugate momentum. The classical equation of motion for the qth mode readsq
From the above Hamiltonian and equation of motion we can see that each mode is decoupled. Therefore they can be treated independently. Next, consider the harmonic oscillator with time-dependent mass and frequency given by the Hamiltonian
where [q, p] = i . The equation of motion reads
which is similar to Eq. (10) if one considers that each mode of the electromagnetic field corresponds to the time-dependent harmonic oscillator with m(t) = a D−3 (t) and ω = ka −1 (t). Therefore our problem is reduced to find a solution to the time dependent Harmonic Oscillator. For this we will use the Emarkov approach.
3 Quantization of Electromagnetic Fields in the de Sitter Spacetime
The Emarkov Approach
Consider a time-dependent harmonic oscillator described by Eq. (11). It is well known that an invariant for Eq. (11) is given by [20] 
where q(t) satisfies Eq. (12) and ρ(t) satisfies the generalized Milne-Pinney equation [18, 19] ρ
with γ(t) =ṁ(t)/m(t). The invariant I(t) satisfies the equation
and can be considered hermitian if we choose only the real solutions of Eq. (14) . Its eingenfunctions, φ n (q, t), are assumed to form a complete orthonormal set with time-independent discrete eigenvalues, λ n = (n + 1 2 ) . Thus
with φ n , φ n ′ = δ nn ′ . Taking he Schrödinger equation (SE)
where H(t) is given by Eq. (11) with p = −i ∂ ∂q , Lewis and Riesenfeld [14] showed that the solution ψ n (q, t) of the SE (see Eq. (17)) is related to the functions φ n (q, t) by
where the phase functions θ n (t) satisfy the equation
The general solution of the SE may be written as
where c n are time-independent coefficients. Now, using an unitary transformation and following the steps drawn in Ref. [20] we find ψ n (q, t) =e
and H n is the Hermite polynomial of order n. Therefore the quantization of the time dependent HO depends on finding a solution to the associated MP equation (14) to be included in Eq. (21) . A solution to this non-linear equation is given by a non-linear combination of the solutions to the linear case [23] .
Observe that the linear version of the MP equation is identical to our classical equation of motion (12) . Therefore, if we can find solutions of (12) we can find the desired solution to the problem. Now we get back to the quantization of the Electromagnetic Field. For m(t) = a D−3 (t) and ω(t) = ka −1 (t) the auxiliary Equation (14) reads
We should point that ρ does not depends on λ, i and this dependence is solely from q λik . As commented above, to find the solution for Eq. (23), we will first look for solution of the classical equation (10) . For this we will follow Ref. [24] . We must consider the conformal time dt = a(t)dη, and define a new function by q λik = Ωq λik . With this, Eq. (10) reads
where in the above equation the prime and the dot means a derivative with respect to η and t respectively. by choosing Ω = a
we find
We would like to point that the case D = 3 cancel many terms and we get a simplified equation depending on the choice of a. This can become important for condensed matter systems. Consider now the de Sitter spacetime, a = e Ht . With dt = a(t)dη we get the relations
and we obtainq
Finally we get
. This is a Bessel equation with solutions given by J ν (k|η|) and N ν (k|η|). Using now our previous redefinition of q we find for the solutions to the classical equation (24) a
Now we can come back to the Milne-Pinney equation (23) . It is known that its solution can be found from the above solutions of the classical equation of motion as [24] ρ = a
where A and B are real constants. The fixing of these constants is related to the choice of our vacuum. This is due to the fact that the construction of particle states and the choice of the vacuum is not unique in curved spaces as the one used here. This is important since the production of particles can be inferred only after we choose some vacuum to compare with our physical solution. A natural choice is the Bunch-Davies vacuum, which is the adiabatic vacuum at early times. For this we can fix A = B = π/2H and ρ reads, for a = 1/Hη
which is the general solution for ρ with arbitrary D. The solution for the electromagnetic field now can be found by substituting this in Eq. (21) . The fact ρ is time dependent for D = 4 has important consequences that we discuss in the conclusions.
The D = 4 Conformal Time Approach
For D = 4, Eq. (30) yields ρ = 1/k 2 . In this case, from Eqs. (22) and (21) with m(t) = a(t), the solution to the SE is given by
However, only for this case, there is a simpler way of obtaining the above solution. For doing so, we use the fact that the electromagnetic field is conformal in D = 4. Consider the conformal time dt = a(t)dη as before. The metric is changed to ds 2 = −a 2 (t)(dη 2 + dx 2 ) and we get that in the conformal time we have a free electromagnetic field, whose quantization is well known, namely
By performing the inverse transformation we obtain Eq. (31). This kind of reasoning has been used to point that the comoving referential does not led to particle production. 
Concluding remarks
In this paper we used the Lewis and Riesenfeld method to obtain the timedependent Schrödinger states emerging from the quantization of the electromagnetic field in the D-dimensional de Sitter spacetime. It is well-known that a challenge in obtaining the exact solution (see Eq. (21)) for the SE with H given in Eq. (11), is the solution of the Milne-Pinney (in terms of the universal scale factor of universe a(t)) equation (23) . For D = 4 a solution can be found trivially in the conformal time. This kind of reasoning has been used to point that the comoving referential do not leds to a particle production. However if we consider the space with dimensions different than four, the electromagnetic field looses its conformality. Therefore, as said in the introduction, this can have important consequences for condensed matter or extra dimension physics. For D = 4 we can easily verify that ρ = constant is not a solution of equation above. In the case of a de Sitter spacetime, we found the general solution and as we expected, the electromagnetic field has more interesting solutions. For time-dependent solutions, there will be particle production and the comoving referential in this space will feel a thermal bath. This is important for planar system in condensed matter. A very intriguing consequence of this is for extra dimension physics. This has gained a lot of attention due to superstring theory [2, 3] and in brane-model universes. In this model our universe is conceived as a brane in a five dimensional space. A de Sitter space time would therefore imply a particle production and a thermal bath for the comoving referentials in this enlarged space. Therefore, at least in principle, this could contribute with an effective temperature in the membrane and raises the intriguing possibility that extra dimensions could be found by precise measure in the Cosmic Microwave Background.
At last, we would like to point out that the procedure described can be used to trace the present properties of the quantum electromagnetic field back to the recombination era in an arbitrary D-dimensional universe. This would be a much more interesting phenomenological result.
